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Physics 101

Standard Deviation of Experimental Data

Objective:

 The student should be able to calculate the values of the mean and
standard deviation from repeated measurements of an experimental quantity and
be able to indicate how well the distribution of the data conforms to a Gaussian
distribution.

Skills Developed:

Relating uncertainty of a parameter with the standard deviation
Determining appropriate number of significant figures

 Generating essential parts of a graph:   axes, scale, units, plotted points,
title, legends, labels
Comparing a theoretical curve with experimental data 

General Approach:

Read the lab handout; annotate with questions
Plan the experiment.
Gain familiarity with the components to be used in the experiment
Do the experiment.

Apparatus:

Vernier caliper (digital)
100 Match Sticks



BACKGROUND:  Suppose you have a box of 100 new pencils and you
wish to measure their lengths. If you use an ordinary ruler (accurate to the
nearest millimeter) to do this, you would probably obtain the same length
for each pencil.

    If you use more precise equipment, like a vernier caliper, you might find
that repeated measurements do not always give the same results. This is
because the scale divisions are now small enough to be sensitive to the
slight difference in each measurement. You have reached a point where
many small random occurrences, such as the length of the pencil, the way
you hold the instrument, etc., combine together to give unpredictable
variations which are now detectable by the more precise instrument you
are using. One way to quantify the overall effect of all these contributions to
a set of measurements is to use statistical analysis.

BASIC STATISTICAL ANALYSIS OF DATA: The fundamental parameter
used to describe a set of repeated measurements is the ARITHMETIC
MEAN, , defined by

where x1, x2,....,xn  represent the individual measurements. 

An individual measurement can be related to the mean by a parameter
called the DEVIATION, di, defined as

                           di = xi -                               

A positive deviation describes a measurement whose numerical value is
greater than the mean, a negative deviation describes one that is less. If
the variations in each measurement were truly random then you would
expect to get about as many positive deviations as negative ones. In
practice that is usually what happens, along with another interesting
phenomenon: the frequency of occurrence of the smaller deviations is
significantly higher than for the larger deviations.



     The figure below is characteristic of what you would find if you plotted
the number of times various deviations occur in this data set. Here the data
are 100 measurements of the length of a pencil. The deviations are
grouped in intervals of 0.01mm.

   Fig(1)

Notice how the smaller deviations are far more numerous than the larger
ones. In fact, a more advanced statistical analysis would show that the
probability, p(d), of a given deviation, d, occurring in the data is given by 

where a and A are parameters that are adjusted to best fit the data you are
working with.  This type of equation describes a Gaussian, or Bell-shaped,
probability distribution.

Tailoring this distribution to your own data is done by calculating a quantity
called the STANDARD DEVIATION, which is denoted by the symbol F. It is
defined as the square root of the average of the squares of the
deviations.  The standard deviation is defined as



Using F, we can now write the more complete form of the Gaussian
probability distribution function as

where p(d) is the probability per unit interval of finding a measurement
which has a deviation d.

This Gaussian probability density function is plotted in the chart below.

The area under this distribution curve is 1.0, representing the fact that you
have a 100% chance of finding some value for the deviation when making
a measurement. The shaded area under the distribution represents the
probability of finding a deviation somewhere within one standard deviation,
F, of the mean. It’s value is 0.683, which means that an arbitrary
measurement has a 68.3% chance of being within one standard deviation
of the average. 

Finally, we can see how well this distribution fits our example data by
scaling it. To find the expected number of measurements, n(di), lying in the
ith interval, multiply p(d) by the width of each interval, )d = 0.01 mm, and by
the total number of data points, N = 100. This gives:     

      (1)



If the distribution from Eq(1) is now plotted along with the original
data,  the following diagram will result:

As you can see, there is a reasonable agreement between the actual data
and the distribution predicted by the "normal distribution" for this set of
data.

PART A
Procedure:
 
1. General: You will use a digital vernier caliper to measure the lengths of a
group of 100 match sticks. When the matches are manufactured there is a
natural variation in their length of about half a millimeter. It is this variation
which you will be measuring to determine if it follows the normal
distribution.  

2. Measure and record the length of each match using the data sheet
provided. Calculate the ARITHMETIC MEAN and STANDARD DEVIATION
of these lengths and put the results in the data section. Use the MEAN to
calculate the deviation of each match from the MEAN. Record these
deviations in the same table as the lengths.

3. Also, calculate the number and percentage of the data (matches) that
have deviations that fall within one STANDARD DEVIATION of the Mean
and enter the results.



DATA SHEET   

Length
xi

Deviations
xi - &x

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

Length
xi

Deviations
xi - &x

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70

Length
xi

Deviations
xi - &x

71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100



DATA SHEET

Mean (&x)

Standard Deviation (F)

Number of Deviations
within one F of Mean

Percentage of
Deviations
within one F of Mean

4.  Compare the percentage of data which fall within one standard deviation of the
mean with the theoretical value for the percentage assuming a normal (Gaussian)
distribution of errors (That is, find the number of matches which fall in the range .) 
Do your data conform more or less to a Gaussian distribution? Give reasons for
your answer.

In future labs, you will be expected to make a note of the typical uncertainty
associated with each measure value. While you will not need to perform an
exhaustive statistical analysis of the uncertainties, you should be mindful that no
single measurement can be considered 100 percent accurate, but it should be
bracketed with numbers that indicate the uncertainty: for example 2.51 ± 0.05.



PART B

Plot the number of times a given deviation occurs in your data as a function
of that deviation.  That is, produce a graph similar to Fig. (1).  Also calculate the
theoretical Gaussian distribution using Eq. (1), and plot it on the same chart.
(Think for a second - what is the appropriate value of )di for your
measurements?)  

-1.0 mm  0.0 Deviation         1.0 mm

5. Do the two plots make sense together?  Comment. 




